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Solutions are given for the distributions of current density, field 
strength and electric field potential in ~he neighborhood of the point of 
contact of two conducting media with different scalar electrical 
conductivities o and Hall constants R H. Problems of this ~ype are 
encountered in magnetohydrodynamic theory, and in semiconductor 
physics, for example, in investigating the fields in piecewise-inhomo- 
geneous media or on the electrodes in magnetohydrodynamic channels 
and electrical engineering apparatus. If one of the two media has 
ideal properties o = r R H = 0, then within the framework of the 
approximate ~heory (the induced magnetic field is neglected) the 
problem reduces to finding an analytic function in the region occupied 
by the second medium, and this can often be solved by carrying out a 
conformal mapping of the region onto a polygon [1, 2]. In other eases 
the electric field in each medium depends jointly on rI~e physical 
properties and geometries of regions of the two media, and a solution 
must be found which is joined ac the contact. The theory of singular 
integral equations [8,4] is a convenient mathematical tool for solving 
such problems. 

1. We s h a l l  g i v e  a s o l u t i o n  to  t h e p r o b l e m ,  a s s u m i n g  

t h a t  t h e  e l e c t r i c a l  c o n t a c t  i s  b e t w e e n  two e l e c t r i c a l l y  

c o n d u c t i n g  b o d i e s .  We  s h a l l  a s s u m e  t h a t  t h e  r e g i o n  of  

c o n t a c t  i s  s m a l l  c o m p a r e d  w i t h  t h e  r a d i u s  of c u r v a t u r e  
of b o t h  b o d i e s ,  so  t h a t  e a c h  c a n  b e  c o n v e n i e n t l y  r e p -  

r e s e n t e d  a s  a h a l f - p l a n e  w i t h  a c o m m o n  b o u n d a r y  on 
t h e  s e g m e n t  ab  (F ig .  l a ,  b ) .  

W e  s h a l l  a s s u m e  t h a t  t h e  e x t e r n a l  m a g n e t i c  f i e l d  

H(0,  0, Hz) is  e v e r y w h e r e  u n i f o r m ,  bu t  is  no t  t h e  s a m e  
in t h e  u p p e r  a n d  l o w e r  h a l f - p l a n e s  in  t h e  g e n e r a l  e a s e ,  

and  i s  in  a d i r e c t i o n  n o r m a l  to  t h e  c u r r e n t  v e c t o r  

j (x, y) and  t h e  e l e c t r i e  f i e l d  E(x ,  y);  t h e  m a g n e t i c  f i e l d  

a r i s i n g  f r o m  t h e  c u r r e n t s  u n d e r  c o n s i d e r a t i o n  w i l l  b e  

n e g I e e t e d .  It t u r n s  out  f r o m  t h e  s y s t e m  of e q u a t i o n s  

j = o E -  ~ " -~- j  • H, d i v j  = O, 

rot E = 0, div H = 0, (0z = RH~H (1.1) 

a n d  t h e  a s s u m p t i o n s  m a d e  t h a t  t he  c u r r e n t  f i e l d  s a t i s -  

f i e s  t h e  e q u a t i o n s  d i v  j = 0 and  r o t  j = 0. T h u s ,  t h e  

c o m p l e x  p o t e n t i a l  of t h e  e l e c t r i c  c u r r e n t  F(z)  

dF (z) OP OQ 
d~ - ~ + i ~ = / ~  (x, v) - -  i b  (x, v), 

F (z) ~- P (x, y) + iQ (x, y) (z = x +  ig), 

dr(z) _ j (z) (1.2) 
dz 

m a y  be  i n t r o d u c e d  j u s t  a s  in  [5]. 

H e r e  P and  Q a r e  t h e  p o t e n t i a l  a n d  f o r c e  f u n c t i o n s  

of t h e  c u r r e n t ,  r e s p e c t i v e l y .  

We  s h a l l  d e s i g n a t e  t h e  h a l f - p l a n e  I m  z > 0 by  S + ,  

a n d  t h e  h a l f - p l a n e  I m  z < 0 by  S -  a n d  t a k e  f o r  t h e  

p o s i t i v e  d i r e c t i o n  on  t h e  r e a l  a x i s  t h a t  w h i c h  l e a v e s  

t h e  r e g i o n  S + f r o m  t h e  l e f t .  
We  s h a l l  s o l v e  t h e  p r o b l e m  of t h e  f i e l d  c u r r e n t  

d i s t r i b u t i o n  f o r  t h e  c u r r e n t  f l o w i n g  t h r o u g h  t he  c o n -  

t a c t .  We h a v e  t h e  f o l l o w i n g  b o u n d a r y  c o n d i t i o n s :  t h e  
n o r m a l  c o m p o n e n t  of t he  c u r r e n t  and  t h e  t a n g e n t i a l  

- 

, 'z'z'z~ z . . . . . .  ~ "  . . . . . .  ~ ~" - [  0 C - 
a b '~ 

Fig .  1 

c o m p o n e n t  of t h e  e l e c t r i c  f i e ld  a r e  c o n t i n u o u s  o v e r  t he  
r e g i o n  of c o n t a c t ,  w h i l e  on  t h e  r e m a i n i n g  s e c t i o n s  of 

t h e  r e a l  a x i s  t h e  n o r m a l  c o m p o n e n t  of t h e  c u r r e n t  is  

e q u a l  to  z e r o  in  e a c h  r e g i o n .  T h e s e  c o n d i t i o n s  l e a d  
to t he  f o l l o w i n g  b o u n d a r y  v a l u e  p r o b l e m  ( i n d i c e s  1 and  

2 r e f e r  to  S + and  S - ,  r e s p e c t i v e l y ) :  

I m / l ( x ) = I m ] 2 ( x ) ,  - - t < . ~ < t  a t  y = O ,  

t /o~ i-f-ir176 ] ! ( x ) } = t ~ e { t + ~  ~ ' r ~  ]~ (x)}, 
[ 61 

- - l < x < l  a t  y = 0 ,  

I m l ' l ( x ) = I m / ~ ( x ) = O ,  t ~ l > l  a t  y = 0 .  ( 1 . 3 )  

H e r e  t h e  c o m p l e x  f o r m  of  O h m ' s  l aw ( I .1 )  i s  e m -  

p l o y e d :  

Oy 

w h e r e  U is  t h e  e l e c t r o s t a t i c  p o t e n t i a l .  

We  m u s t  a l s o  i n d i c a t e  t h e  p o s i t i o n  of t he  c u r r e n t  
s o u r c e s  a n d  s i n k s  in S + and  S- .  F o r  t h e  s a k e  of s i m p l i -  

f y i n g  t h e  f o r m u l a s  o b t a i n e d  b e l o w ,  we s h a l l  a s s u m e  

t h a t  t h e r e  i s  a s o u r c e  of  f i n i t e  i n t e n s i t y  s i t u a t e d  in  
S + a t  t h e  p o i n t  z = o o  a n d  a s i n k  in  S -  a t  t he  p o i n t  z = 

= ~ .  We t h e n  o b t a i n  t h e  c o n d i t i o n  a t  i n f i n i t y  

h (z) = c~1 - 7 -  + 0 (z -2) (i = I, 2) w h e n  ', z ] --, ~ .  (1.5) 

2. In o r d e r  to  s o l v e  t h e  p r o b l e m  we i n t r o d u c e  t h e  

two  p i e c e w t s e - h o l o m o r p h i c  f u n c t i o n s  

I T1 § (z) w h e n  z ~ s+, $1* (z) = il (z), 

W1 (z) = ( ~1- (z) w h e n  z ~ 8-, T1- (z) = h (~) 

j ~I,2 + (z) w h e n  z ~ s% ~ d  (z) = h (~), 
(z)  ( ~%- (z) w h e n  z ~ s- ,  ~ -  (z) ----/~ (z). (2.1) 

W e  s h a l l  d e n o t e  t h e  n o r m a l  c u r r e n t  c o m p o n e n t  a t  

t h e  c o n t a c t  b y  h(x)  and  a s s u m e  t h a t  i t  s a t i s f i e s  a H S l d e r  

b o u n d a r y  c o n d i t i o n .  
On t h e  b a s i s  of  t h e  f i r s t  and  l a s t  b o u n d a r y  c o n d i t i o n s  
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of (1.3)the functions ~i(z) (i = 1,2) may be expressed  
in t e r m s  of h(x) us ing  Schwarz ' s  in tegra l  

l l 
- -  I i h(x)  dx l l f z ( z )  ~ ] I h(x)d:v qq (z) =: - y -  ~ ~ ' -5- ~ - -~"  

--I --I 

(2.2) 

/ / \ 

F i g .  2 

Clear ly ,  these  funct ions sat isfy  condit ion (1.5) at 
infinity. Expanding the functions ,I~(z) and ,I,2(z ) at 
inf ini te ly  d is tant  points in the regions  S + and S-,  r e -  
speet ively ,  gives 

~ (z) = 

l l 

= -~- h (x) dx -? -~- xh (x) dx + . . . w h e n  z~  S +, 
--I --l 

, r~ (z) = 

l l 

z l f  h(x) d x - - -  K- x h ( z ) d x - - . . ,  w h e n  z~S- . (2 .3 )  
--I  --I 

Whence we find the values  of the cons tants  C n and 

Czt in (1.5): 

l l 

-~ Zt 

e l l  = - -  C21 ~-  ; l t - l I  , (2.4) 

where  I is the magni tude of the total  c u r r e n t  flowing 
through the contact  which is a given quanti ty in the 
p rob lem,  or the in tens i ty  of the source  s i tuated at the 
point z = ~o in the reg ion  S +, which is the same  thing. 
Taking (2.1) and (2.2) into account ,  we r e p r e s e n t  the 
second boundary  condi t ion of (1.3) in the form 

i ~- i{01~1 1{21+ (Z)  - ~  ~ - -  iO)lT~l ~I~tl - (X) = 

_ ~ + i ~  ~FC (x) + i - -  i ~  T ~ -  (x) 
~2 ~2 

- - ~ < x < ~  at y=O. (2.5) 

Hence,  making use of the Sokho t sk i i -P lemel  f o r -  

mula ,  we obtain a homogeneous  s ingu la r  in tegra l  equa-  
t ion which mus t  be sa t i s f ied  by the function h(x): 

l 

(61m2"~ -- Zg, hT 0 it (Z) -~- ~ @6en-- I h(t)t__ xdt __ 0 

(--I <x ,  t < l ) .  (2.6) 

This equation cor responds  to the genera l ized  l inea r  
boundary value problem (Riemannrs problem) [3, 41; for 
the function ~l(z) it has the form 

- - l ~ , r ~ l  a t  y ~ 0 ,  

W~§ I,~l>l at ,v--el. (2.7) 

Star t ing  from the physical  a s sumpt ion  that there  
is an accumula t ion  of c u r r e n t  on the ends of the con-  
tact ,  we find the solut ion of the boundary value p rob-  
lem in a c lass  of functions having in tegrable  s i n g u l a r i -  
t ies  at the ve r t i ce s  a and b. By condition (1.5) this 
solut ion vanishes  at infinity:  

liJ' I (z) = Cll (z -~ l) -t ,-E (z --  1)-'. '-~+~ 

arc tg z~m.2T2 --  :.,t0~ 1 i 8 ~i § ~.., ' - - ~ -  < ~ < - ~ 2  

((z+l)-'l'-~(z--}) -'I:-'~ @ +O(z -~) when Iz1-~r162 (2.8) 

According  to (2.1) the function ~ ( z )  should sat isfy  
the condit ion 

T~ (z) = T~ (~), 

f rom which it follows that the cons tant  C n should be a 
r ea l  quanti ty.  F r o m  (2.8) we find all  the r equ i r ed  
fields in S +. 

0 x l t  t 

Fig. 3 

The c u r r e n t  d i s t r ibu t ion  in S + is de t e rmined  d i rec t ly  
by the function ~I, j z )  

]1 (z) = j ~  (x ,  y) - ih, ,  (x ,  y) = 

= Cn (z -}- l)'h-~ (z - -  0 -̀ /̀ +8 when z ~ S +, (2.9) 

and is found f rom the Sokho t sk i i -P lemel  fo rmulas  on 
the contact  ab 

1'~, ( x ,  0 )  = h ( x )  = '~1- (~) - -  ~ ' i  + (=) = 
2i  

= G ~  (I + x) -'''-~ ( l  - -  x) "v'+~ • 

�9 ~1(02~2 - -  ~2(011:1 ( - -  t ~ X ~  l )  

2 
1 

- ~, + ~ G 1  (G1co~ - -  ~ 2 m m )  (l + z )  -'/'-~ • 

X ( l - - x )  -v'+~ 1-]- z~§ ( - - l < x < l ) . ( 2 . 1 0 )  
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The constant  C~ is de t e rmined  from the condit ion 

l 
l ir~ (x, O) dx = Ii  (2 , i l )  

U s i n g  the f a m i l i a r  f o r m u l a  

1 

f (t + t) -v'-" (1 - -  t) -'i'+~ dt = 
--1, 

(2.12) 

we may eas i ly  ver i fy  that in fact 

Cil = ~- l I .  (2.13)  

F u r t h e r ,  w e  f ind  the e l e c t r i c  f i e l d  in S + 

We shall analyze the expressions for the current (2.9), (2.10) in 
the following cases. 

, \  

... M "" \ \ 

:-CX '// 

?:>: 
Og~ + .Ogl 

= (t + i0);q) E~T(z  + l)7 ':~-~ ( z - - l )  -':~+~ when ~s+ , (2 .14)  

g~ (,, y) = gr (zo, ~o) + 

-{- l{e { - - ( '  + i0) 1%'1) ~ 1  i (z -~ l )  -'/~'-~ (Z - -  l )  J!~-';'e d z }  
z0 

when ~ ~ s - .  (2.15)  

In f o r m u l a  (2.15) the  i n t e g r a l  is  e x p r e s s i b l e  in 
t e r m s  of e l e m e n t a r y  f u n c t i o n s  on ly  w h e n  the  e x p o n e n t  
1 / 2  + e is a ra t iona l  n u m b e r .  In t h i s  c a s e  w e  s e t  1 / 2  + 
+ e = p/q (p, q are  na tura l  n u m b e r s ;  p < q) and in 
(2 .15)  w e  m a k e  the  s u b s t i t u t i o n  

z - -  l ~l/~ 
z + l /  = t .  (2.16)  

This subs tu t ion  r educes  (2.15) to the fo rm 

U , ( t ) = U ~ ( t o ) +  R e { - - ( l  +i0)r,q)o,,-IdTf ' tv-tdt i (2.17) 
1---f77] " 

to 

N o w  e x p a n d i n g  the  i n t e g r a n d  in  s i m p l e  f r a c t i o n s ,  
i n s t e a d  of (2.15) w e  h a v e  

Ui (x, y) = U1 (xo, go) 4- 

q--I  
I 1 [2rav(~--q, .]  (2 .18)  

X In [exp [ 2r~iv, / z - - , , r / q ' l  [exp  (2air 1 __ {zo--I lt/q]-l~ 
t - ~ ) - - [ ~ , J  J \ q ' t , ~  l J J" 

F o r m u l a s  s i m i l a r  to those a l r eady  given may be 
obtained for the reg ion  S- a lso,  while it t u r n s  out that  
at the contact  the r e l a t ion  

h~(x ,  0 ) = - - / ~ ( x ,  0), - - l < x < l  (2 .19)  

holds,  which is a consequence  of the comple te  s y m -  
m e t r y  of the reg ions  S + and S- in the g e m e t r i c a l  r e -  
spect  and in the way the boundary  condi t ions  a re  

specif ied.  

Fig. 4 

(a) Let there be no Hall effect in the two media (COLT i = wz rz : 0), 
and let each of them have finite conductivities ol and o2 �9 It then 
follows from (2.9)--(2.10) that 

I 
/', (z) = a ]fz-~--/2 when z ~ S +, (2.20) 

I 
l b (x, 0) = 1'1. (x, 0) = 0, 1/z~7~= ' 

- z < z < z .  (2.21) 

Figure 2 gives a qualitative picture of the lines of force (continuous 
curves) and potential lines (broken curves) of the electric current 
described by expression (2.20). The absence of a tangential current 
component on the contact is explained by the symmetry of the current 
distribution in the two media relative to the ordinate axis. The function 
(2.21) is illustrated by curve 1 in Fig. 3. 

(b) We shall consider the case when the Hall effect appears only in 
the medium occupying the region S +, (colt1 # 0, w~ rz = 0), and the 
conductivity of the two media is finite as before. The quantities 
jl(z), jly(X, 0) and jlx(X, 0) in S are now determined by the formulas 

I 
h (z) = -E- (z + 1) -'/=-~' (z -- l) -%+~ when z ~ g+ 

t ( 6220)12T12 ~ --t,!2 
/ly (~, 0) = T s (z + ~)-'!~-~, (z - x) -'''+~, _i + (~, i ~)~ ) 

- - l < z < l ,  

]lag (Z, 0) - -  S2gOI*lS (I ~-- X) -*l=-e' (l - -  X)--'h+q('l Gz~O)legl z \--VZ - + ~ )  , 

- l < x < z  

t - -  ~2CO1T1 I \ 
e l= - -~ -a r c tg  zlq-a2 , 0 ~ < 1 ~ [ < ~ ) .  (2.22) 

A qualitative picture of the current distribution for the region 
S-, obtained from (2.22) and similar formulas, is given in Fig. 4. 
The influence of the Hall effect is apparent in the bending of the 
current lines in the segment ab and in an increase of their density along 
one of the ends of the contact. The current concentration along this 

end increases as the parameter COlT 1 increases. 
Figure 3 gives curves 2, 3 and 4, which characterize the distribu- 

tion of normal current density in the segment ab for the three values 

of the dimensionless parameter �89 c01rl/(o, + o2 ) = 1, 3 and 10, 
respectively (current concentration along end a of the contact). For 
a fixed value of the parameter cqq the current concentration on the 

contact may be weakened by decreasing the conductivity of the medium 

occupying the region S-. 
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(c) In the general case, when the Hall effect exists in the two 
media,  the qualitative picture of the current distribution is the same 
as that given in Fig. 4, and all the points discussed in (b) remain 
valid. ]'hey must, however, be supplemented as follows. 

If the equation 

~olrl r (2.23) 
G1 c52 

holds, which, taking (1.1) into account, may also be represented in 
the form 

Rli .  I H, = R2B H 2 ,  (2.24) 

then from expressions (2.9), (2.10) we arrive at the formulas (2.20), 
(2.21), describing the current distribution when the Hall effect is 
absent from both media.  This is explained by the fact that, observing 
condition (2.24), the Hall phenomenon manifests itself equally in the 
two media,  and in tMs case exerts no influence on the current distri- 
bution (the two media behave like a single conductor in which cuts 
are made along the rays ( - %  --1), (1, ~)). 

Condition (2.24) may be considered as the limiting case of the two 
inequalities 

RIIf Ht ~ RsHH~, R1H H, ~ HUH H~, (2.25) 

each of which indicates along which of the two ends of the contact the 
current concentration arises. 

A charge layer is formed at the contact of the two media,  which is 
determined from the condition 

Euu--Ej_y=4~pe, - - l < x < l  at y = 0 ,  (2.26) 

or, if we make use of Ohm's law, from the second condition 

t (02"~ 1 , (011:1 
~-, i-~, (~, o) - ~ h~: (~, o) - -  ~ i,y (~, o) + ~ i ~  (~, o) = 4np~, 

Hence we find 

1 
% = 4~z1~.~ (~i _ ~) ! [z~ (! § r -~) - - ~ ?  (1 + r 

X(l  '-- x) -'/~'-e (I  - -  x)-'/,+~X 

x t @  G1--~2 ] - - l < x < l  at y = 0  (2.28) 

Where the linear charge distribution on the segment ab is found all 
the basic characteristics of the field in the neighborhood of the co~r::, : 
are determined. 

]:he problem considered may easily be generalized to include the 
case when contact between electrically conducting bodies occurs over 
several segments. 
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